Among different models of dark matter, the so-called quantum (or 'fuzzy') cold dark matter plays an important role as it allows removing cuspy halo profiles and an abundance of low mass haloes, which are predicted by cold dark matter models but have never been observed. The basic idea of the quantum cold dark matter is the existence of extremely light bosonic particles whose expected masses are of the order of 10 −22 eV or even as small as 10 −24 eV. With such a small mass, the particle's behaviour in galactic dark matter haloes is described by the Schrödinger equation with a gravitational potential term. In this paper, two previously introduced quantum models of dark matter are reconsidered and the probability densities predicted by these models are compared to the astronomically established density profiles of dark matter haloes of the Milky Way and a dwarf galaxy. By imposing these astronomical constraints on the quantum models, it is shown that the models do reproduce well the Einasto profile with index n ≈ 0.56. However, the models can neither account for the total masses and halo shapes of these two galaxies, nor other galaxies, using the same dark matter elementary particle. Possible improvements of the quantum models that could potentially remove this deficiency are discussed.
I N T RO D U C T I O N
It is now well established that the observed flat rotation curves of galaxies require large amount of dark matter (DM) forming an approximately spherical massive halo around these galaxies (e.g. Persic et al. 1996; Boriello & Salucci 2001; Livio 2003; Bertone, Hooper & Silk 2005; Freeman & McNamara 2006; Navarro et al. 2010) . There have been numerous ideas about the nature of DM, and a list of the most prominent candidates (e.g. Overduin & Wesson 2004; Freeman & McNamara 2006; Sugita, Okamoto & Sekine 2008) typically includes neutrinos (Dolgov 2002) , axions (Wilczek 1978; Rosenberg & van Bibber 2000; Asztalos et al. 2002) and supersymmetric particles (Ellis et al. 1984; Barbier et al. 2005) , among which the neutralino seems to be the leading candidate for a weakly interacting massive particle. The list may also include the Klein-Kaluza particle that emerges from theories with extra dimensions (Cheng, Feng & Matchev 2002 ) and an extremely light bosonic particle (ELBP) whose existence has been postulated by the so-called theories of quantum (or 'fuzzy') DM (Sin 1994; Hu, Barkana & Gruzinov 2000) .
Additional strong evidence for the existence of DM was given by NASA's Wilkinson Microwave Anisotropy Probe (WMAP) (e.g. E-mail: zmusielak@uta.edu Bennett et al. 2003; Komatsu et al. 2011) and by some gravitational lensing measurements (e.g. Ellis 2010) . Using the WMAP data, the total amount of DM in the Universe was established. The actual value is M = 0.27 ± 0.04 and it includes both the visible and invisible (dark) matter, with the former being only a very small fraction of the latter (e.g. Komatsu et al. 2011) . Astronomical data seemed to also imply that more than 80 per cent of DM is nonbaryonic cold dark matter (CDM) of unknown identity. Since the remaining energy content is the so-called dark energy, = 0.73 ± 0.04, the astronomical observations clearly show that most mass in the Universe is in the form of CDM.
The CDM model predicts cuspy halo profiles and an abundance of low mass haloes. Since neither is actually observed, different ideas have been put forward to resolve these discrepancies (e.g. Hu et al. 2000; Navarro 2011 and references therein) . One possible solution is to postulate the existence of ELBPs, which are extraordinarily light particles with masses of the order of 10 −24 eV (Sin 1994) or 10 −22 eV (Hu et al. 2000) . As originally suggested by Sin (1994) , such small masses require quantum mechanical treatment on galactic scales because the Compton wavelength becomes comparable to 10 pc or more. For this reason, the ELBPs are called 'fuzzy' cold dark matter or quantum cold dark matter (QCDM). In a quantum treatment the wavefunctions are overlapping and, since the particles are bosons, it has been postulated that a gigantic Bose-Einstein condensate is formed on the scale of the entire galaxy (e.g. Böhmer & Harko 2007) . Formation of large-scale structures with the ELBPs was investigated by Woo & Chiueh (2009) .
It is commonly assumed that DM galactic haloes are approximately spherical, despite the fact that there is only weak observational evidence. For the Milky Way, which is a large spiral galaxy, the DM halo has mass approximately 10 12 M with its virial radius of the order of 200-300 kpc (e.g. Klypin et al. 2002) . Large elliptical galaxies have both hot gas haloes and DM haloes, with the former being bound to the galaxies by the latter (e.g. Mathews 1978; Bertin & Stavelli 1992; Baes & Dejonghe 2001) . DM haloes of dwarf galaxies, which are either spiral, elliptic or irregular, are in general much denser than those observed around large galaxies (e.g. Kravtsov 2010; Loeb & Weiner 2011; Ferrero et al. 2012 ). There are also ultrafaint galaxies that are dominated by DM because they contain very few stars, or in the extreme case no stars at all. A dozen very dim dwarf galaxies were recently discovered around the Milky Way (Willman et al. 2005; Martin et al. 2008; Belokurov et al. 2010) . Stellar and halo masses of some Local Group galaxies were recently given by Guo et al. (2010) . Density profiles of DM galactic haloes are typically deduced from N-body numerical simulations, in which DM particles are treated classically (e.g. Navarro et al. 2010; Guo et al. 2010) . Depending on specific assumptions that are used in those numerical simulations, different density profiles can be produced. Examples of such profiles include: the Einasto profile Merritt et al. 2005) , the Navarro-Frenk-White (NFW) profile (Navarro, Frenk & White 1996; Navarro et al. 2010) and the modified isothermal profile (Burkert 1995; Bergstrom, Ullio & Buckley 1998) . All three profiles have two scale parameters which can be modified to accommodate the halo size, but only the Einasto profile contains an additional shape parameter n, making it adaptable to different halo types.
The observational results presented by Chemin, de Blok & Mamon (2011) indicate that the values of n may range from 0.1 to more than 10. Although different galaxies may have different values of n, typically the larger values of n are for larger galaxies and smaller values for dwarf galaxies. For the latter, the inner profiles are shallow and dominated by the core, which indicates that n < 1. According to Navarro et al. (2010) , the Einasto profile with n varying from one galactic halo to another represents the overall best fit for density profiles of haloes of different galaxies. Another conclusion of the Navarro et al. paper is that these profiles are not universal, which means that different haloes cannot be rescaled to look the same.
The main objective of this paper is to re-consider the QCDM model originally introduced by Sin (1994) and later modified by Hu et al. (2000) and to test its validity by imposing astronomical constraints. Since the model is based on the Schrödinger equation with a gravitational potential term, we solve this equation on a galactic scale by using the input data for the Milky Way and a dwarf galaxy and compare the obtained solutions to different Einasto density profiles. This allows us to determine the value of the index n that best fits the astronomical density profiles or in other words, find the Einasto density profile that is consistent with the considered QCDM models.
Since we formally consider both the Sin and Hu et al. models, we use in our computations their respective values for masses of the ELBPs, namely 10 −24 and 10 −22 eV; note that the latter value was also used in the numerical simulation performed by Woo & Chiueh (2009) . The results of our computations demonstrate that the models reproduce well the Einasto profile with an index of n ≈ 0.56; essentially, the same result is obtained by a self-consistent model, which is also considered in this paper. However, our main result is that the Sin and Hu et al. models cannot account for the total mass and size of the DM haloes of two different galaxies, such as the Milky Way and a dwarf galaxy.
This clearly shows the limitation of the QCDM models when restricted to a single bosonic particle mass and particles that are in the ground state; all our results presented in this paper are based on these assumptions. In Section 5, we briefly discuss several possible improvements to the models. The improvements include considering excited states, adding a central supermassive black hole, taking into account the effects of luminous matter and incorporating a scattering term such as that adopted by the Gross-Pitaevskii equation (Böhmer & Harko 2007) . Our results obtained with these improvements will be presented and discussed in Paper II (Spivey, Musielak & Fry 2012) .
In the next section, we briefly describe the QCDM models considered in this paper. The effects of the astronomical constraints on the models are presented and discussed in Section 3. Our selfconsistent QCDM model is described in Section 4. The obtained results are discussed in Section 5, and conclusions are given in Section 6.
M O D E L S O F Q UA N T U M C O L D DA R K M AT T E R
In the QCDM models considered by Sin (1994) and Hu et al. (2000) , the DM particles are identical bosons (ELBPs) with spin zero and masses small enough to guarantee their description by nonrelativistic quantum theory. As already mentioned in Section 1, the main difference between the models is the mass of the ELBPs. According to Sin (1994) , this mass should be of the order of 10 −24 eV, while Hu et al. assumed a mass of the order of 10 −22 eV. Both models are based on the assumption that the particles interact with each other only gravitationally and that they are represented by scalar wavefunctions, which are solutions to a Schrödinger equation with a gravitational potential term. The Schrödinger equation is solved on a galactic scale and the ELBPs form a galactic DM halo, which is assumed to be spherical. Any contribution of the galactic visible matter is neglected because it is small when compared to the DM halo. Clearly, the models are simple and yet they do resolve the problem of cuspy halo profiles and an abundance of low mass haloes (Sin 1994; Hu et al. 2000) .
The ELBPs are described by a scalar wavefunction ψ, which obeys the standard Schrödinger equation
where is the Planck constant, m is the mass of the bosonic particles and V(r) is a potential to be specified. In the original Sin (1994) paper, the potential V(r) is obtained by solving the following Poisson equation
where G is the gravitational constant, and ρ dark = M 0 m|ψ| 2 with M 0 being a mass parameter. The contribution of visible matter ρ visible is neglected because ρ visible ρ dark . The physical problem represented by equations (1) and (2) is a self-gravitating particle in a potential well. The particle's behaviour in the well is described by solutions to a nonlinear Schrödinger equation. In the approach presented by Hu et al., ρ dark = m 2 |ψ| 2 /2 and ρ visible is also neglected.
VA L I D I T Y O F T H E M O D E L S

Astronomical constraints
To impose astronomical constraints on the models of DM described in Section 2, we employ previously obtained density profiles of galactic DM haloes. Such profiles are typically obtained from Nbody numerical simulations (e.g. Navarro et al. 2010 ). However, recent results from Chemin et al. (2011) show that they can also be established by direct astronomical observations. For the purpose of this paper, we consider the so-called Einasto density profile Merritt et al. 2006; Navarro et al. 2010) , which comes from Sérsic's Law (e.g. Merritt et al. 2006) for describing how the intensity of a galaxy changes with the distance from its centre.
Recently, the Einasto profile has been more frequently used as a mass density profile in DM simulations, with much success (e.g. Merritt et al. 2006; Navarro et al. 2010 ). The profile is given by
where r 1/2 is the median of the halo or the radius that encloses half the total mass, ρ 1/2 is the density at r 1/2 and d n is a unitless parameter which depends only on n. The parameter n describes the steepness of the curve. To look for ground state solutions of the time-independent Schrödinger equation, we consider a state function ψ and separate the independent variables by writing ψ(r, θ, φ) = R(r)Y (θ, φ). With u(r) = r R(r), the resulting radial Schrödinger equation can be written as
where x = α(r/r 1/2 ) and α = d n . We assume that the Einasto profile already represents the distribution of quantum DM particles, which means that this distribution can be used to generate the gravitational interaction of a DM particle with the average potential produced by all other DM particles. Because the interaction between a pair of DM particles is extremely weak, we neglect other many body effects. With the assumption that this Hartree approximation is valid for the DM many body problem, we solve the Schrödinger equation with the given potential V(x) and compare the resulting probability densities directly to the considered Einasto density profile.
Results
As an example, we take the Einasto profile with n = 1 (see equation 3) and obtain
with x = d 1 (r/r 1/2 ), ρ 0 = ρ 1/2 e d 1 and d 1 ≈ 2.674 57. The potential V(x) resulting from the above density profile is
We now solve equation (4) with this potential and obtain the resulting probability density, which is to be compared with the Einasto profile given by equation (5). The results are plotted in the upper panel of Fig. 1 , and it is seen that the probability density given by the Schrödinger equation does not match well the Einasto profile with n = 1.
As the next step, we perform a similar computation but with the value of n = 2/3. We obtain the potential V(x) for this density Figure 1 . Einasto density profiles (solid) and the resulting probability densities (dashed) corresponding to the ground state for n = 1 (upper panel) and n = 2/3 (lower panel). Each density ρ is plotted in terms of its core value ρ 0 , with r being measured in terms of the halo median r 1/2 . profile and solve the Schrödinger equation with it. The results of this computation are presented in the lower panel of Fig. 1 , which shows that the agreement is better but not good enough yet. We search for the value of n that fits best the probability densities computed from the Schrödinger equation to the Einasto density profile. Based on the results presented in the upper and lower panels of Fig. 2 , we conclude that the best fit is obtained for n ≈ 0.56.
In all the results shown in Figs 1 and 2 , the plotted probability densities and the Einasto density profiles scale with the physical parameters of the system, mass and radius, which means that they are scale independent and therefore valid for both QCDM models considered here. It is important to note that the probability densities shown by the dashed lines in Figs 1 and 2 represent ground states and that these states were found for the Sin and Hu et al. models. In every case, the solutions to the Schrödinger equations yield a direct relationship between the halo parameters: total halo mass M and median radius r 1/2 and the mass m of ELBPs. The relationship is given by
where c n is the constant value which varies slightly for each n.
If the bulk of a halo comprises a single type of particle with a given mass m, the above relations would imply that the median of any halo is inversely proportional to its mass. This contradicts most simulations, which are based on a distribution of classical particles. However, recent observations of galaxy cluster A 1689 (Navarro et al. 2010) reveal a halo far more centrally concentrated Einasto density profiles (solid) and the resulting probability densities (dashed) corresponding to the ground state for n = 0.5 (upper panel) and n = 0.56 (lower panel). Each density ρ is plotted in terms of its core value ρ 0 , with r being measured in terms of the halo median r 1/2 . than simulations predict. These data come from observations of gravitational lensing, which give an actual picture of the halo. Data for galaxy haloes are based on rotation curves, so halo shapes on the galactic scale are inferred rather than seen. Moreover, it should be noted that the median of a galactic halo does not reflect its overall radius of influence, which depends on both the shape and density parameters. An arbitrary cutoff point can be selected, say, when the density dips below a certain value, but since the impact of such a cutoff on our results would be insignificant, we do not consider it here. Now, Hu et al. (2000) assumed a 10 −22 eV particle using a method designed to eliminate the cuspy halo core. Sin (1994) suggested a mass of 10 −24 eV, with the caveat that the particle cannot be in the ground state. We have shown in Figs 1 and 2 that a stable ground state solution exists for a halo resembling the Einasto density profile. Having established the values of m, we can obtain M and median r 1/2 for the Milky Way and a dwarf galaxy from either numerical simulations of their galactic DM haloes, or from observations, and determine whether the obtained values obey the relationship given by equation (7).
For the Milky Way galaxy, Klypin et al. (2002) have limited the practical range of the halo mass M to be between 0.5 × 10 12 and 2 × 10 12 M . According to numerical simulations, the virial radius of such a halo is of the order of 200-300 kpc. Since the Einasto profile decays exponentially out to infinity, it uses the halo median r 1/2 as its scale radius. The above limitations on the virial radius give an overall median spread of around 50-200 kpc, which we will use as the practical boundaries for the Einasto profile of the Milky Way. Using the relationship given by equation (7) and taking M = 1.0 × 10 12 M , we find r 1/2 = 3.4 kpc and the viral radius to be 18 kpc for m = 1.0 × 10 −24 eV; note that the values of r 1/2 and virial radius are an order of magnitude below the observationally established values. Attempting to take the same M but with m = 1.0 × 10 −22 eV yields a vanishingly small median (r 1/2 < 1 parsec). The desired median range is found when m = (1.3-2.6) × 10 −25 eV, which is a much lower mass than that considered by Sin (1994) and Hu et al. (2000) .
Next we consider an elliptical dwarf galaxy with mass of the order of M = 10 9 M and a median in the range of r 1/2 = (0.1−10) kpc . Using equation (7) with M = 1.0 × 10 9 M , we obtain r 1/2 = 0.34 kpc for m = 1.0 × 10 −22 eV; a similar analysis performed for m = 1.0 × 10 −24 eV puts r 1/2 four orders of magnitude larger, well outside the range of likely values for this or any other dwarf galaxy.
The results presented above have important implications as they clearly show that the QCDM models with a given mass developed by Sin (1994) and Hu et al. (2000) cannot explain DM haloes of different galaxies. The best these models can do is predict the total mass and size of the DM halo for a particular galaxy by tuning the value of mass for the ELBPs. The only way to account for DM haloes of different galaxies is to introduce ELBPs of different masses, which contradicts the very basic assumptions of the models. This important limitation of both theories is likely caused by the simplicity of the considered models.
S E L F -C O N S I S T E N T S C H RÖ D I N G E R -P O I S S O N M O D E L
We proceed as in the previous section, but without the assumption that the density must be described by an Einasto profile. Instead, we replace the mass density in equation (2) directly with ρ dark = M 0 m|ψ| 2 , where M 0 is a mass parameter introduced in Section 2, and solve equations (1) and (2) as a nonlinear set of coupled differential equations. The ground state solution to this Schrödinger-Poisson system is shown in Fig. 3 . Fitting this solution to an Einasto distribution gives n ≈ 0.56 and Fig. 3 shows the excellent agreement between these densities. Ground state probability density for the self-consistent Schrödinger-Poisson system (dashed) and the Einasto density profile for n = 0.56 (solid). Each density ρ is plotted in terms of its core value ρ 0 , with r being measured in terms of the halo median r 1/2 .
As before, the result is independent of the halo parameters of mass and median, as well as the particle mass. For both methods, the product of these values is fixed for the ground state, so that an increase in one results in a decrease of one or both of the others. If the particle mass is to remain invariant, then there is an inverse relationship between the mass of a halo and its median.
This interesting result reflects the fact that the ideal solution to the problem of what density distribution reproduces itself is limited by its own geometry. A mass density entered in the gravitational Poisson equation will produce a unique potential and that potential will produce a unique set of probability densities via the Schrödinger equation. Of these, only the ground state can be considered without postulating an additional interaction.
It should be noted that by ground state we are referring to the nodeless solution. In fact, any change at all to the potential produces a technically different complete set of solutions, but each set produces one solution with no nodes. The halo parameters depend in part on the selected particle mass. For example, a 10 −24 eV particle, as proposed by Sin (1994) fits reasonably well a halo of mass 10 11 M and median of the order of 30 kpc, while a 10 −22 eV particle, as suggested by Hu et al. (2000) , might better describe a 10 8 M mass halo with a median of the order of 3 kpc. As already discussed in Section 3, the fact that ELBPs of different masses are needed to account for DM haloes of different galaxies is a major problem of both QCDM theories. In the next section, we suggest some improvements that may potentially remove the deficiency.
D I S C U S S I O N
We used astronomical constraints to demonstrate that the QCDM models reproduce the Einasto density profile with n ≈ 0.56. Moreover, we used astronomical data to show that the models cannot account for the total masses and sizes of DM haloes of different galaxies. We emphasized that this is a major limitation of the QCDM models developed by Sin (1994) and Hu et al. (2000) . The fact that ELBPs with different masses are needed in order to explain DM haloes of different galaxies was overlooked by other authors. The Einasto profile is of particular importance in DM studies due to its success in describing a wide spectrum of DM haloes. Obviously, this is only possible because of the presence of the shape parameter n, whose values can range from 0.1 to 10 or even more (Chemin et al. 2011) . Exactly why different galaxies have different values for n is not yet understood. Several authors (Navarro et al. 2010; Merritt et al. 2006; Gao et al. 2008) have pointed out that the mass of the halo may be correlated with n, with higher mass haloes having higher n values.
The special case of n = 0.5 is the well-known Gaussian distribution describing how a large number of identical random variables given equal weight will distribute themselves about the mean. In quantum mechanics, the Gaussian is the ground state solution to the one-dimensional harmonic oscillator. This potential r 2 is the same as that created inside a region of constant charge density. The Einasto profile with n = 0.56 is very close to Gaussian, and the potential created by its relatively flat (constant density) core very closely approximates r 2 in this inner region, which helps to explain its shape. As n is increased and the flatness of the core diminishes, the potential it creates no longer reproduces the original density. This means that a self-interacting Poisson potential alone is not enough to produce Einasto profiles with general n.
Let us now briefly discuss possible improvements in the QCDM models that may potentially remove their limitations. One possibility is incorporating excited states. Sin (1994) approached the idea of putting all the halo particles into the same excited state, asserting that boson-photon coupling is too weak to be cooled. While a compelling notion, it leaves open the question of how the halo cohered to that state in the first place. Allowing for excited states adds an extra free parameter to the problem, but disallowing the ground state belies more recent observations of actual halo shapes.
A more realistic solution might be a mixed state halo, where the vast majority of the particles are in the ground state. However, since the problem is nonlinear, we cannot impose a superposition of states in a straightforward manner. In this paper, we have restricted our approach to the ground state, under the assumption that in general most haloes have condensed and any particles in higher states can be treated as small perturbations to the system.
Results from Navarro and others, in addition to recent radial velocity curve fittings (Chemin et al. 2011) , have singled out the Einasto profile as an all round best-fitting model for DM haloes. In most cases, larger haloes tend to have larger values of n. The addition of baryonic matter distributions and a central supermassive black hole to the potential can offer small corrections to the QCDM model, producing somewhat sharper cores associated with higher n values. A scattering term such as that adopted by the GrossPitaevskii equation (e.g. Böhmer & Harko 2007) can also have an effect. We will discuss these effects in the next paper of this series (Spivey et al. 2012 ) and explore the relationship between the halo parameters of mass, density, median and the shape parameter n.
C O N C L U S I O N S
We reconsidered two previously developed QCDM models which require solving the Schrödinger equation on a galactic scale for a single particle with mass of the order of 10 −22 eV or 10 −24 eV. The models are simple as they are based on the Hartree approximation and on the assumption that the particles interact with each other only gravitationally. Moreover, contributions of the galactic visible matter are neglected. Despite their simplicity the models do resolve the problem of cuspy halo profiles and an abundance of low-mass DM haloes.
To determine the validity of the models we solved the Schrödinger equations for the Milky Way and an elliptical dwarf galaxy, computed the probability densities predicted by these models, and compared the obtained results to astronomically established density profiles of DM haloes for both galaxies. Our results demonstrate the following:
(i) The QCDM models produce an Einasto density profile with n ≈ 0.56. This makes the models most appropriate for dwarf galaxies, which can be fit to Einasto profiles with n < 1 (Chemin et al. 2011) .
(ii) The models cannot account for the variety of halo shapes actually observed. Like the NFW and modified isothermal profiles, the ground state QCDM density does not change its shape based on the mass or size of the halo. Since larger galaxies can be fit to Einasto distributions with higher n values, this limits the scope of these models.
(iii) The QCDM models also cannot account for the size and total mass of observed haloes without invoking a different particle mass for each halo.
Considering the successful application of the Einasto profile to describe both observed and simulated DM haloes, the fact that the QCDM models produce such a profile suggests that such models are worthy of further examination. The limitations identified here are Downloaded from https://academic.oup.com/mnras/article-abstract/428/1/712/1060130 by guest on 23 January 2019 likely due to the simplicity of the considered models. We have therefore identified several possible improvements aimed at eliminating these shortcomings. Detailed studies of these improved models will be presented in Paper II of this series (Spivey et al. 2012) .
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